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Abstract 

A permutation is said to be alternating if it starts with rise and then descents and rises come in turn. 
In this paper we study the generating function for the number of alternating permutations on n letters 
that avoid or contain exactly once 132 and also avoid or contain exactly once an arbitrary pattern on 
k letters. In several interesting cases the generating function depends only on k and is expressed via 
Chebyshev polynomials of the second kind. 

1. Introduction 

The main goal of this paper is to give analogues of enumerative results on certain classes of per- 
mutations characterized by pattern-avoidance in the symmetric group ©„. In the set of alternating 
permutations we identify classes of restricted alternating permutations with enumerative properties 
analogous to results on permutations. More precisely, we study generating functions for the number 
of alternating permutations that avoid or contain exactly once 132 and also avoid or contain exactly 
once an arbitrary permutation r G In the remainder of this section, we present a brief account 
of earlier works which motivated our investigation, we give the basic definitions used throughout the 
paper, and we summarize our main results. 

1.1. Classical patterns. Let a G ©„ and r G &k be two permutations. We say that a contains r 
if there exists a subsequence 1 < i\ < %2 < ■ ■ ■ < %k < n such that (a^ , . . . , aj fc ) is order-isomorphic 
to r; in such a context r is usually called a pattern. We say that a avoids r, or is r-avoiding, if 
such a subsequence does not exist. The set of all r-avoiding permutations in 6„ is denoted ©„(t). 
For an arbitrary finite collection of patterns T, we say that a avoids T if a avoids any r € T; the 
corresponding subset of 6„ is denoted © n (T). 

While the case of permutations avoiding a single pattern has attracted much attention, the case of 
multiple pattern avoidance remains less investigated. In particular, it is natural, as the next step, 
to consider permutations avoiding pairs of patterns t\, t-i. This problem was solved completely for 
n,T2 € 63 (see SS]), for t\ € ©3 and t 2 G 64 (see |W|), and for ti,t 2 G ©4 (see [Bo, Km] and 



references therein). Several recent papers [CW, MV1, Kr, MV2, MV3, MV4| deal with the case 



T\ G ©3, T2 G &k for various pairs Ti,T2. Another natural question is to study permutations avoiding 
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T\ and containing t 2 exactly t times. Such a problem for certain r 1; r 2 G 63 and t — 1 was investigated 
in [|r|], and for certain ri G ©3, r 2 G 6/c in [RWZ, MV1, Krj . The tools involved in these papers include 
Fibonacci numbers, Catalan numbers, Chebyshev polynomials, continued fractions, and Dyck words. 

Fibonacci numbers are defined by Fq — 0, F\ = 1, and F n = F n ^\ + -F n _ 2 for all n > 2. 

Catalan numbers are defined by C n — ;^rj-( 2 ™) for all n > 0. The generating function for the Catalan 

numbers is given by C(x) = 1 ~^~ ix ■ 

Chebyshev polynomials of the second kind (in what follows just Chebyshev polynomials) are defined 
by U r (cos8) = sm g 1 r n t g 1 ' >6 ' for r > 0. Evidently, U r (t) is a polynomial of degree r in t with integer 
coefficients, and satisfy 

(1.1) U {t) = 1, Ui(t) = 2t, and U r (t) = 2tU r -i{t) - U r - 2 (t) for all r > 2. 

Chebyshev polynomials were invented for the needs of approximation theory, but are also widely 
used in various other branches of mathematics, including algebra, combinatorics, and number theory 
(sec [Q). Apparently, for the first time the relati on be tween restricted permutations and Che byshev 
polynomials was discovered by Chow and West in [ CW| , and later by Mansour and Vainshtein [ MV1 
MV2j , |MV3| , |MV4[ , Krattenthaler jKiJ . These results related to a rational function 



(1.2) 



R k (x) 



for all k > 1. It is easy to see that for any k, Rk(x) is rational in x and satisfies 

1 



(1.3) 
for all k > 1. 



R k {x) 



1 - xR k -i{x) ' 



1.2. Generalized patterns. In [BS], there were introduced generalized permutation patterns that 
allow the requirement that two adjacent letters in a pattern must be adjacent in the permutation. 
We write a classical pattern with dashes between any two adjacent letters of the pattern, say 1342, as 
1-3-4-2, and if we write, say 24-3-1, then we mean that if this pattern occurs in a permutation tt, then 
the letters in it that correspond to 2 and 4 are adjacent (for more details, see Q). For example, the 
permutation tt = 35421 has only two occurrences of the pattern 23-1, namely the subsequences 352 
and 351, whereas tt has four occurrences of the pattern 2-3-1, namely the subsequences 352, 351, 342 



and 341. In [MV1, Ml, M2, M3|, there were studied the number of permutations that avoid or contain 
exactly once 1-3-2 and that also avoid or contain exactly once an arbitrary generalized pattern. The 
tools involved in these papers include Fibonacci numbers, Catalan numbers, Chebyshev polynomials, 
and continued fractions. 



1.3. Alternating permutations. A permutation is said to be alternating if it starts with rise and 
then descents and rises come in turn. In other words, an alternating permutation tt G & n satisfies 
7T2j-i < TT2j > 7T2j+i for all 1 < j < [ji/2], that is to say its rise (resp. descent) is equal to an odd 
(resp. even) index. We denote the set of all alternating permutations on n letters by A n . Other names 
that authors have used for these permutations are zig-sag permutation and up down permutations. 
The determination of the number of alternating permutations for the set {1, 2, . . . , n} (or on n letters) 
is known as Andre's problem (see [Al, A2]). An example of an alternating permutation is 14253. The 
number of alternating permutations on n letters, for n = 1, 2, . . . , 10, is 1, 1, 2, 5, 16, 61, 272, 1385, 
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7936, 50521 (see SP, Sequence A000111(M1492)]). These numbers are known as the Euler numbers 



and have exponential generating function sec a; + tan a;. 

A permutation is said to be up-up (resp. up-down, down-up, down-down) if it starts with rise (resp. 
rise, descent, descent), then descents and rises (resp. descents and rises, rises and descents, rises and 
descents) come in turn, and ends with rise (resp. descent, rise, descent). We denote the set of all 
up-up (resp. up-down, down-up, down-down) permutations of length n by UU n (resp. UD n , DU n , 
DD n ) for all 7i > 2 (for n = 0, 1 we define UU„ = UD n = DU n = DD n = 0). Clearly, for all n > 2, 

(1.4) A n = UU n U UD n . 



1.4. Organization of the paper. In this paper we use generating function techniques to study those 
alternating (up-up, up-down, down-up, down-down) permutations that avoid or contain exactly once 
1-3-2 and that also avoid or contain exactly once an arbitrary generalized pattern on k letters. 

The paper is organized as follows. The case of alternating (up-up, up-down, down-up, down-down) 
permutations that avoid both 1-3-2 and an arbitrary generalized pattern t is treated in Section |^. We 
derive a simple structure for alternating (up-up, up-down, down-up, down-down) permutations that 
avoid 1-3-2. This structure can be used for several interesting cases, including the classical pattern 

r = 1-2 k and r = 2-3 A;-l, the generalized patterns r = 12-3 k and r = 21-3 k. 

The case of alternating (up-up, up-down, down-up, down-down) permutations that avoid 1-3-2 and 
contain exactly once r is treated in Section Here again, we use the structure of alternating (up-up, 
up-down, down-up, down-down) permutations that avoid 1-3-2 for several particular cases. The case 
of alternating (up-up, up-down, down-up, down-down) permutations that contain 1-3-2 exactly once 
is treated in Sections ^ and || for avoiding t, or containing r exactly once, respectively. Finally, in 
Section ^ we present several directions to extend and generalize the results of the previous sections, 
including a statistics on the set of alternating (up-up, up-down, down-up, down-down) permutations 
that avoid 1-3-2. 

Most of the explicit solutions obtained in Sections ||-|5| involve Chebyshev polynomials of the second 
kind. 



2. Avoiding 1-3-2 and another pattern t 



In this section we consider those alternating (up-up, up-down, down-up, down-down) permutations in 
& n that avoid 1-3-2 and avoid another generalized pattern r. We begin by setting some notation. Let 
a T (n) denote the number of alternating permutations in A„(l-3-2, r), and let A T (x) — Yl n >o A T (n)x n 
be the corresponding generating function. 



n-t 




Figure 1. The block decomposition for a <E 6„ (1-3-2) 
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Moreover, we define ud T (n), uu T (n), du T (n), and dd T (n) as the number of up-up, up-down, down-up, 
and down-down permutation in © n (l-3-2,r), respectively. We denote, the corresponding generating 
functions by UD T (x), UU T (x), DU T (x), and DD T (x), respectively. In this section we describe a 
method for enumerating alternating (up-up, up-down, down-up, down-down) permutations that avoid 
1-3-2 and another generalized pattern r and we use out this method to enumerate a T (n) for various r. 
We begin with an observation concerning the structure of the alternating (up-up, up-down, down-up, 
down-down) permutations that avoid 1-3-2. 



Let a £ (1-3-2); by using the block decomposition approach (see |MV4|) we have one possibility for 
block decomposition, as described in Figure [IJ if a = (a' , n, a"), then every entry of a' is greater than 
every entry of a" . Therefore, by using the block decomposition of a, we get the following proposition 
which is the base for all the results in this section. 

Proposition 2.1. Let a = (a',n,a") £ @ n (l-3-2). 

(1) If a £ UD n (l-3-2), then the block decomposition of a can have one of the following possibilities: 

(1.1) a' is an 1-3 -2 -avoiding up-down permutation on the letters n — j + 1, n — j + 2, . . . , n — 1, 
and either a" is an 1-3-2- avoiding up-down permutation on the letters 1, 2, . . . , n — j or 
a" = l; 

(1.2) a' = n — 1 and either a" is an 1-3 -2 -avoiding up-down permutation on the letters 
1,2,..., n- j -I or a" = 1. 

(2) If a £ UU n (l-3-2), then the block decomposition of a can have one of the following possibilities: 

(2.1) a' = n— 1 and either a" — or a" is an 1-3 -2 -avoiding up-up permutation on the letters 
1,2,..., n- 2; 

(2.2) a" = and a' is an 1-3-2- avoiding up-down permutation on the letters 1, 2, . . . , n — 1; 

(2.3) a' is an 1-3-2- avoiding up-down permutation on the letters n — j + 1, . . . , n — 2, n — 1, 
and a" is an 1-3 -2 -avoiding up-up permutation on the letters 1, 2, . . . , n — j. 

(3) If a £ DC/„(l-3-2) ; then the block decomposition of a can have one of the following possibilities: 

(3.1) a' = 0, and a" is an 1 -3-2 -avoiding up-up permutation on the letters 1, 2, . . . , n — 1; 

(3.2) a' is an 1-3-2- avoiding down- down permutation on the letters n—j + 1, . . . ,n— 2,n— 1, and 
either a" = or a" is an 1 -3-2 -avoiding up-up permutation on the letters 1, 2, . . . , n — j. 

(4) If a £ DD n {\-i-2), then the block decomposition of a can have one of the following possibili- 
ties: 

(4.1) a' = 0. and a" is an 1 -3 -2 -avoiding up-down permutation on the letters 1, 2, ... ,n — 1; 

(4.2) a' is an 1-3-2- avoiding down- down permutation on the letters n—j+1, . . . , n— 2, n— 1, and 
either a" = 1 or a" is an 1-3-2- avoiding up-down permutation on the letters 1,2,..., n—j. 



2.1. The pattern r = 0. Using Proposition |2.1| , we now enumerate those alternating (up-up, up- 



down, down-up, down-down) permutations in 6 n that avoid 1-3-2. 

Theorem 2.2. The number of alternating permutations of length n that avoid 1-3-2 is given by C[ n /2\ 
for any n > 0. Moreover, for all n > 3, 



(1) the number of up-down permutations of length n that avoid 1-3-2 is given by C(„_x)/ 

(2) the number of up-up permutations of length n that avoid 1-3-2 is given by C„/2, 

(3) the number of down-up permutation of length n that avoid 1-3-2 is given by C( n _|_x)/2 

(4) the number of down-down permutations of length n that avoid 1-3-2 is given by C n /2 
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where C m is the rath Catalan number, such that C m is assumed to be whenever m is a non-integer 
number. 

Proof. An alternating permutation can be either up-down, or up-up, or down-up, or down-down. If 
we write an equation for every case in terms of generating functions and use Proposition 2.1, then we 
get 

' UD (x) = x(UD (x) +x) 2 , 
DU (x) = xUU {x) + xDD (x)UU (x) + xDD (x), 
DD {x) = x(x + UD {x)) + xDD (x)(x + UD (x)), 
UU {x) = x 2 {UU {x) + 1) + xUD {x) + xUD (x)UU (x). 
Therefore, solving the above equations, we get 

2 

(2.1) 1 ' l " ' ' ' ' ' " ' 



UD (x) = DU0 ( x)=x (l=ig^.y 
DD z{x) = 7zMSt, UU (x)-^^ 



Hence, the rest is easy to check by using A (x) = 1 + x + UD (x) + UU (x) (see Equation 1.4). □ 



Using Proposition |2.l[ we now enumerate various sets of alternating (up-up, up-down, down-up, 
down-down) permutations in 6 n that avoid 1-3-2 and nonempty generalized pattern r. 



2.2. A classical pattern r = 1-2- • ■ ■ -k. Let us start by the following example. 

Example 2.3. By definitions we have UDi(x) = DDi(x) — UU\(x) — DU\(x) — 0, UDi- 2 (x) 
UU!- 2 {x) = DU!- 2 {x) = 0, and DDi- 2 {x) = x 2 . 



The case of varying k is more interesting. As an extension of Example 2.3, let us consider the case 
r = 1-2 k. 

Theorem 2.4. For all k>2, 



(1) UD 1 . 2 .. 


-k{x) 


(2) DDt-i-. 


-h(x) 


(3) UUlz... 


-k(x) 


(4) DUx-2- 


■ -k(x) 



Uk-3 (■h) 



uu-i (£)' 

X 



X- 1 - U k ~3 iA 



2.r / 



xUk-i (£) 



Proof. Let us verify (1). By using Proposition 2.1, we have 

(2.2) UD 1 - 2 -...-k(x) = x{UD X - 2 -...- k {x) + x)(UD l . 2 ..... (k _ 1) (x) + x), 

equivalently, 

X 2 {x + UD x .2-...-{k-X){x)) 



UDi- 



1 - x 2 - xUD x . 



"(A' 



-1)0*0 



Now, assume that (1) holds for k — 1. So, by Identity 1.2 we have that 

UD 1 . 2 -...-^-i)(x) = x 3 R k - 3 (x 2 )R k _ 2 (x 2 ). 
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Therefore, 



UDi. 



2 k 



(x) 



x 2 (x + x 3 Rk- 3 (x 2 )R k -2(x 2 )) 
l-x^-x^RkM^Rk^ix 2 )' 



and using Identity 1.3, we get 



UD 1 . 2 ..... k (x) = x 3 R k ^ 2 (x 2 )R k -i{x 2 )- 



So, by Equation 1.2, (1) holds for k. Hence, by induction on k together with Example 2.3 we get the 
desired result as claimed in (1). 



Let us verify (2). By using Proposition |2.l| , we get 

DD l - 2 -...- k {x) = x{x + UD 1 . 2 ..... k (x))(l + DD 1 . 2 .,„. {k _ 1) {x)). 



Using (1), Equation 1.3, and induction on k together with Example 2.3 we get the desired result as 
claimed in (2). 

Similarly, we have 

UUx-2-...-kix) = x(x + UD 1 . 2 .... <k _ 1) [x))(l + UU 1 . 2 ..... k {x)), 
DU 1 - 2 -...-k(x) = xUU 1 - 2 -...- k (x) +xDD 1 - 2 -.... (k _ 1) (x){UU 1 - 2 -...- k (x) + 1), 



hence, by using Equation 1.3 and the cases (l)-(2), we get the desired result as claimed in (3) and 
(4). □ 



As a corollary to Theorem 2.4 and Equation 1.4, we get the number of alternating permutations in 
A n (l-3-2, 1-2 k). 



Corollary 2.5. For all k>2, 

Ai- 2 -...-k(x) 



(l+x)U k - 2 (±-) 



Corollary 2.5, for k — 5, yields that the number of alternating permutations in A n (1-3-2, 1-2-3-4-5) is 
given by -F]( rl +2)/2] i where F m is the mth Fibonacci number. 



2.3. A classical pattern r = 2-3-- • --fc-1. By Proposition 2.1, we have that UD 2 - 3 -i(x) = and 
DD 2 -3-i(x) = x 1 . The case of varying k is more interesting. As an extension of this example, let us 
consider the case r = 2-3- 

Theorem 2.6. For all k>3, 

xUk-4 
U k -2 (£) ' 

+ C*-4 (j) 
Uk-2 (&) ' 

uL 3 (&) 



(1) ULh-a- 


■ -k-i(x) 


(2) DD 2 . 3 - 


-k-iix) 


(3) UU 2 . 3 ... 


-k-i(x) 


(4) DU 2 . 3 .. 


-k-i(x) 



ul- 2 (&) ' 

WAS) 



„fc-3 



(C4_ 3 {±)+xU k -2 (£)) + 2U 2 k _ 3 (i) + Ul_ A (i) - 2 
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Proof. Proposition p.l| (l) yields 

UD 2 - 3 --k-i(x) = x(UD 2 -3-...- k -i(x) + x)(UD 1 . 2 -...-(k-2)(x) + x). 



Using Equation [L3j and Recurrence 1.1, together with Theorem p2.4|(l) , we have that case (1) holds 



Proposition 2.1(4) yields 

DD 2 .^.... k . 1 {x) = x{x + UD 2 . 3 ..... k . 1 {x))(l + UD l . 2 ..... {k _ 2) x)). 

By using the first case (1) and Theorem 2^4 (1), together with Equation L3 and Recurrence [Tl], we 
get that case (2) holds. 

Proposition |2 . l| (2) yields 

UU 2 -3--k-i{x) = x 2 {l + UU 2 -3--k-i{x)) + xUD 2 -3-...- k . 1 (x) + xUD 1 - 2 -...- (k _ 2) {x)UU 2 -3-- k -i{x)). 

By using cases (1) and (2), together with Theorem 2.4, Equation 1.3, and Recurrence 1.1, we have 
that case (3) holds. 

Proposition |2 . l| (3) yields 

DU 2 -3---k-i(x) = xUU 2 -3-...- k -i(x) +xDD l -2-...-(k-2){x)UU2-$-...-k-i{x) + xDD 2 . 3 ..„. k . 1 (x). 

By using cases (3) and (4), Theorem 2.4(2) and Recurrence we get that case (4) holds. □ 

Theorem yields an explicit formula to the generating function for the number of alternating 
permutations in A n (1-3-2, 2-3- • • • -fc-1). 



Corollary 2.7. For all k > 3, 



A 



2-3- 



-fc-1 



(X) 



(l+^l-sls)-^ 



Ut- 2 (&) 



For example, by using Corollary 2.7 we get that for all n > 1, 

7 



12-3-4-5-6-1 



(2n) 



-nLo 



1 



(15n - A)F 2n and A 2 - 3 -4-5-6-i(2n + 1) = -Fj 



10 10 

where Fm is the mth Fibonacci number and L m is the mth Lucas number. 



2n-l, 



2.4. A generalized patterns r-3- In the current subsection we interesting in alternating 
permutations with two restrictions, the first one is 1-3-2 (classical pattern 132) and the second one is 
t-3- • ■ ■ -k (generalized patt ern) , where r = 12, t = 21, r = 1-2, or t — 2-1. Using the same arguments 
as in the proof of Theorem 2.4, we get 

Theorem 2.8. Let r € {12, 21, 1-2, 2-1}. For all k> 2, 

xUk-s (£) 



(1) UD T -3- 

(2) DD T -3- 

(3) UU T -3- 

(4) DU T -3- 



-k{x) 
-k{x) 

-kip) -- 

-k{x) ■ 



x 



' 1 + Uk-3 (£) 



Uk-i (£) 

U k~3 (^) 

xUk-i (£) 



s 
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The above theorem together with Equation 1.4 yield that the number of alternating permutations in 



A„ (1-3-2, t-3 fc), where r G {12, 21, 1-2, 2-1}. 

Corollary 2.9. Let t G {12, 21, 1-2, 2-1}. For any k>2, 



A T . 3 ..... k (x) = ( 1 + ^^(2 1 J = {1 + x)Rk _ l{x ^ 
xU k -i ( s ) 



Corollary 2.9 suggests that there should exist a bijection between the sets A n (l-3-2, 1-2- ■ • --k) and 
A n (1-3-2, 2-1-3- ••• -fc). However, we failed to produce such a bijection, and finding it remains a 
challenging open question. 

3. Avoiding 1-3-2 and containing another pattern 

In this section we consider those alternating (up-up, up-down, down-up, down-down) permutations in 
& n that avoid 1-3-2 and contain another generalized pattern r exactly once. We begin by setting some 
notation. Let a T - r (n) be the number of alternating permutations in A n ( 1-3-2) that contain r exactly r 
times. Moreover, we denote the number of up-up (resp. up-down, down-up, down-down) permutations 
in S„(l-3-2) that contain r exactly r times by uu T - r (n) (resp. ud T - r (n), du T - r (n), dd T - r (n)). We denote 
the corresponding generating function by A T[r (x) (resp. UU T - r (x), UD T - r (x), DU T - r (x), DD T - r (x)). 



In this section we use out Proposition 2.1 and generating function techniques to enumerate a T[r (n), 



ud T - r (n), uu T;r (x), du T - r (n), and dd T . r (n) for various cases of r. 

3.1. A classical pattern t = 1-2- • • -fc. 
Theorem 3.1. For all fc > 2, 



(1) C/Di-2-. 


-k;l(x) 


(2) DD X - 2 .. 


■-k-l( X ) 


(3) UUx-2-.. 


-k;l( X ) 


(4) DUx-2-.. 


■ -k-i(x) 



ul 


-1 (22;) 




1 




-1 (2^) r 




1 


ut 


1 (2^) 




1 



fc 2 x k-l-m( x m+l + Um _ x (_L)) 



fc 2 x k~l-rn^ m +l + Um _ 1 ^) 



Xjj k-l (2^) ™=0 U rn (^) U m +1 (^) 



Proof. To verify (1), as consequence of Proposition 2.1, we have three possibilities for the block de- 
composition for an arbitrary up-down permutation 7r = (a, n, (3) G C/£)„(l-3-2) that contain 1-2- ■ ■ ■ -k 
exactly once. The first possibility is a = (n— 1) and /3 <G UD n ^2 (1-3-2) contains 1-2- ••• -k exactly once. 
The second possibility is f3 = (1) and a is up-down permutation of the numbers 2, 3, • • • , n — 1 which 
contains 1-2- • • • -(fc — 1) exactly once. The third possibility satisfies the condition that every entry of a 
is greater than every entry of /3, where a and (5 are up-down permutations on the numbers n—j + l,n— 
j + 2, • • • , n — 1 and 1, 2, . . . , n — j (respectively) such that either a contains 1-2- • • • -(fc — 1) exactly 
once and f3 avoids 1-2- • • • -fc, or a avoids 1-2- • • • -(fc — 1) and (3 contains 1-2- ■ ■ • -fc exactly once. So, the 

first, the second, and the third cases above give contribution x 2 UDi-2 — k;i(x), x 2 UD 1 - 2 (k~i)-.i( x )i 

xUD 1 - 2 -...-( k _ 1 ). 1 (x)UD 1 -2-...-k;o( x ) + xUD^— -(k-\yfi{x)U Dx-2— -k;i(x), respectively. Therefore, 

UD 1 . 2 ....- k -l{x) =X 2 UD 1 - 2 -...-k;l(x) +X 2 UD 1 -2-...-(k-l);l( X ) + 

+xUD 1 - 2 -....( k _ 1 y tl (x)UD 1 -2-...-k;o(x) + xUD 1 . 2 -...-(k-iy,o( x ) UD ^---k;i( x )- 
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Using Theorem 2.4 together with Equation 1.3 and Recurrence 1.1, we get 

UD 1 - 2 -.... k . 1 (x) = xR 2 k _ 1 (x 2 )UD 1 . 2 ..... {k _ 1) . 1 (x). 



Besides, by definitions we have that UD\-2-,i{x) — x 2 . Hence, by Identity 1.2 and by induction, case 
(1) holds. 

Let us verify (2). Using the same arguments as in the proof of (1), we get 

DDi-2-...-k;i(x) = xUDi- 2 -...-k;i(x) + xDD 1 . 2 -...-(k-i)a(x)U D 1 - 2 -...-k-o{ x )+ 

+xDD 1 - 2 -...-( k -l)fl{x)UD 1 -2—-k;l(x) + X 2 DD 1 - 2 -...-(k-l);l(x), 

together with DDi- 2 -i(x) — x 4 (by the definitions). Hence, by using (1), Theorem and induction 
on k, we get the desired result as claimed in (2). 

Let us verify (3). Using the same arguments as in the proof of (1), we get 

UUl- 2 -.-k;l(x) = X 2 UUx-2--k;l( X ) + xUD l-2---{k-l);l{ x ) + 



equivalently, 



+xUD 1 . 2 -...-(k-i)-o( x )UUi-2--k-i(x) + xUD 1 -2-...-{ k - 1 )- 1 {x)UUi-2- 

xUUi-2-...-k;0(x)UD 1 - 2 -...-( k -iy i l(x) 



k-fi( x ), 



UU 1 -2-...- k ;l(x) 



1-x 2 



xUDi- 



-0-1) 



Hence, by using (1), Equation 1.3 and Recurrence 1.1, case (3) holds. 
Similarly to the cases above, case (4) holds. 



□ 



As a corollary to Theorem 3.1 and Equation 1.4, we get the number of alternating permutations in 
& n (1-3-2) that contain 1-2- k exactly once. 



Corollary 3.2. For all k> 3, 



Ai-2--k;l(x) 



1 + X 



ut-, (£) 



For example, the number of alternating permutations in A n (1-3-2) that contain 1-2-3-4-5 exactly once 
is given by 3 ^2jF2[n/2]-4~2j f° r a U n ^ 6, where F m is the mth Fibonacci number. 



3.2. A generalized patterns r-3-----fc. In the current subsection we interesting in alternating 
permutations with two restrictions, the first one is 1-3-2 (classical pattern 132) and the second one is 
t-3- ■ ■ ■ -k (generalized pattern), where r = 12, r = 21, r = 1-2, or r — 2-1. Using the same arguments 
as in the proof of Theorem 3.1, we get 

Theorem 3.3. Let t E {12, 21, 1-2}. For all k>3, 

(1) UD T - S ..... k . >1 (x)= vl 

(2) UU T . 3 ..... k;1 (x) = V 12(2) ' 

(3) UD 2 .i- 3 .... k;1 (x) = UU 2 -l 3 .... k . il (x) = 0. 



As a corollary to Theorem 3.2 and Equation 1.4 we get the number of alternating permutations in 
A n (l-3-2) that contain r-3- k exactly once, where r £ {12, 21, 1-2, 2-1}. 
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Corollary 3.4. Let r G {12, 21, 1-2}. For k > 3, 



A T . 3 ..... k;1 (x) = 1 ' k ,\\ 2x) - (1 + x )R k -i(x 2 . 



Besides, A2-1-3 fc;!^) — /or a/Z fc > 3. 



Corollary 3.4 suggests that there should exist a bijection between the sets of alternating permutations 
of length n that avoid 1-3-2 and contain 1-2- ■ ■ ■ -k exactly once and the set of alternating permutations 
of length n that avoid 1-3-2 and contain 2-1-3- • • • -k exactly once. However, we failed to produce such 
a bijection, and finding it remains a challenging open question. 



Again, by the same arguments as in the proof of Theorem 3.1, with using Proposition |2 . lj , we get the 
following result. 

Theorem 3.5. For all k > 3, 

(1) DD 1 . 2 ..... k , 1 (x) - ^ , 



m nn m - I ^ + v fe ~ 2 * fc ~ 2 ~ J V +1 +^-i(A)) 

(2) DW..-w(x) - I * +E,=o ^( A)t , J+1 (i) 



(3) £>D 2 -i- 3 -4-... - fe; i(x) 

(4) J D^21-3-4-...-fe;l(x) = ^(^Y 

Moreover, for all k > 3, 



1 ' 



DL/ T -3-4-...- fc; i(a;) = -£)D T -3-4-...- fc; i(a;), 



w/iere r e {12,21,1-2,2-1}. 



3.3. A three letter generalized pattern without dashes. In this subsection we find an explicit 
expression for UD r . r (x), UU T - r (x), DU T;r (x), DD T - r (x), and A T;r (x), where r = 123, 213, 231, 312, 
321 are generalized pattern without dashes. 

Theorem 3.6. For all r>0, 

(1) UD 123;r (x) = UD 321 (x;r) = 0, 

(H-l) ( n \ 2 x2 n+l 



>r+l n(n—r) Vr+l7 



(2) UD 213 . r (x) = J2 n 

(3) UD 231 . r {x) = ^(^^r'+i for r > 1; 

(4) UD 312;r (x) = E n > r+1 ^SjUO 3 ^ 1 . 

Proof. First of all, let us define UD T (x,q) — J2 r>0 UD T . r (x)q r (similarly, we define UU T (x,q), 
DU T (x,q), and DD T (x,q)). 

The first case (1) holds by the definitions. To verify (2), let us use the same arguments as in the proof 
of Theorem 2.4. So, we have 

UD 2 i 3 (x, q) = x 2 (x + UD 213 (x, q)) + xqUD 2 i 3 (x, q)(x + UD 213 (x, q)), 

equivalently, 

1 - x 2 {\ + g) - y/gg - g - 2gg + 1) + 1 

UD 2 i a (x,q) = . 

2xq 
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The rest is easy to check. 
Similarly, we have that 

UD 231 (x,q) = x 2 q{x + UD 231 (x,q)) + xqUD 231 (x,q)(x + UD 231 (x)), 

equivalently, 

UD 23 i(x,q) = 



x 3 q 



1 - 2x 2 q - xqU D 23 i (x, q) 



The rest is easy to check. 



Finally, by the reversal symmetric operation (defined by (tti, . . . ,7r„) h- > (n n , . . . ,tti)) we get that 
UD 213 (x; r) = UD 312 (x; r) for all r > 0. □ 



Similarly to Theorem 3.6 we get the following result. 



Theorem 3.7. Let r > 0. 



(1) UU 123 (x;r) = UU 321 (x:r)=0; 

(2) UU 213 (x;r)=Y, n > r+1 ^( r n +1 fx- 

(3) UD 231 {x-r) = -i^J^r+a f or r > 1 

(4) UU 312 (x; r) =E n >r+i 



(r+l) t n \ 2 _2n 



>r+l n(n—r) Vr+1/ 



As a corollary to Theorem |3.6| and Theorem 3/7, we have the following result. 
Theorem 3.8. Let r > 0. 

(1) A 123 {x;r) = A 321 (x;r) = 0; 

(2) A 213 (x;r) = A 312 (x,r) = E„> r +i ^07) (r+i) 2 ^ 2 ™ + a 2n+1 )/ 

(3) A 23 i(a;;r) = C r (a: 2 ' r+2 + a; 2r+1 ) V r > 1. 



n-t+2 



Figure 2. The second contribution for the block decomposition of a permutation 
that contain 1-3-2 exactly once 
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4. CONTAINING 1-3-2 EXACTLY ONCE AND AVOIDING ARBITRARY PATTERN 

In this section we consider those alternating (up-up, up-down, down-up, down-down) permutations in 
& n that contain 1-3-2 exactly once and avoid an arbitrary generalized pattern r. We begin by setting 
some notation. Let A\ [x) be the generating function for the number of alternating permutations in 
A n (r) that contain 1-3-2 exactly once. More precisely, We denote the generating function for number 
of up-up (resp. up-down, down- up, down-down) permutations in 6„(r) that contain 1-3-2 exactly once 
by UD\(x) (resp. UU^(x), DU^(x), DD].(x)). In this section we describe a method for enumerating 
alternating (up-up, up-down, down-up, down-down) permutations that contain 1-3-2 exactly once 
and avoid another generalized pattern. We begin with observation concerning the structure of the 
permutations that contain 1-3-2 exactly once. 



Using the block decomposition approach (see |MV4|) we get two possibilities for the block decompo- 



sition for permutation 7r containing 1-3-2 exactly once. The first one is a — (a',n, a'), where every 
entry of a' is greater than every entry of a", and the second one is a — (o/, n—t+1, n, a", n— t+2, a'"), 
where every entry of a' is greater than n — i + 2, n — t+1 is greater than every entry of a", and every 
entry of a" is greater than every entry of a 1 " , as described in Figures [l] and |^. Therefore, by using 
the block decomposition of a, we get the following proposition which is the base for all the results in 
this section. 

Proposition 4.1. Let a S & n contains 1-3-2 exactly once. Then the block decomposition of a can 
have one of the following three forms: 

(i) there exists t such that a = (c/, n, a"), where a' is a permutation of n — l,n — 2, . . . ,n — t + 1 
which contains 1-3-2 exactly once, and a" is a permutation of 1,2, ... ,n — t which avoids 1-3-2; 

(ii) there exists t such that a — (a! , n, a"), where a' is a permutation of n — 1, n — 2, . . . ,n — t + 1 
which avoids 1-3-2, and a" is a permutation of 1,2, ... ,n — t which contains 1-3-2 exactly once; 

(Hi) there exist t, u such that a — (a', n — t + 1, n, a", n — t + 2, a'"), where a' is a permutation of 
n — 2, . . . ,n — t + 3 which avoids 1-3-2, a" is a permutation of n — t, n — t — 1, . . . ,n— it+1 

which avoids 1-3-2, and a'" is a permutation of ' 1, 2, ... ,n — u which avoids 1-3-2. 

As a remark, using the proposition above for an arbitrary permutation a which contains 1-3-2 exactly 
once together with the definitions of up-up, up-down, down-up, down-down permutations we can 
present all the possibilities of the block decomposition for any arbitrary up-up, up-down, down-up, 
down-down permutation, respectively. 



4.1. The pattern r = 0. Using Proposition 4.1, we now enumerate those alternating (up-up, up- 



down, down-up, down-down) permutations in 6 n that contain 1-3-2 exactly once. 
Theorem 4.2. We have 

(1) The generating function for the number of up-down permutations in & n containing 1-3-2 
exactly once is given by 



1 - Ax 2 + Vl - 4x 2 ' 

In other words, the number of up-down permutations in & n containing 1-3-2 exactly once is 
given by (^_" 3 y 2 ), 
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(2) The generating function for the number of up-up permutations in 6 n containing 1-3-2 exactly 
once is given by 

ttttX, s x2 - 1 l-3x 2 

In other words, the number of up-up permutations in & n containing 1-3-2 exactly once is given 
6 2/ 2 ((n-4) 1 / 2 )> 

(3) The generating function for the number of down-down permutations in & n containing 1-3-2 
exactly once is given by 

dd ( x ) ±V 1 - :J -' J 



x 2 x 2 \J\ - 4x 2 

In other words, the number of down-down permutations in & n containing 1-3-2 exactly once 
is given by 2( (n ^ ) 1 /2 ), 

(4) The generating function for the number of down-up permutations in & n containing 1-3-2 
exactly once is given by 

DU °M = 2,3 + W 1~4^ 
In other words, the number of down-up permutations in & n containing 1-3-2 exactly once is 
given by §( (t ^ /2 ) - 5( ( ,£f /2 ), 

where m is assumed to be whenever a < b, b < 0, or b is a non-integer number. 

Proof. To verify (1), let us consider the three possibilities of the block decompositions, as described 



in Proposition 4.1, for an arbitrary permutation tt £ & n that contain 1-3-2 exactly. The first (or the 
second) contribution of the block decomposition above for up-down permutations gives 

xUD (x)(x + UD (x)), 

and the third contribution of the block decomposition above for up-down permutations gives 

x 3 (UU (x)(x + UD (x)) 2 + (x + UD {x)) 2 + UU (x) + l). 

Therefore, by using the above three contributions, we have 

UD (x) = 2xUD {x){x + UD {x)) + x 3 (UU (x)(x + UD {x)) 2 + (x + UD(x)) 2 + UU (x) + l). 



Hence, by solving the above equation together with Theorem 2.2, we get the claimed in (1). 

Similarly, let us verify (2). The first contribution of the block decomposition for up-up permutations 
gives xU D (x){UU (x) + 1), the second contribution of the block decomposition for up-up permuta- 
tions gives x(U D (x) + x)UU (x), and the third contribution of the block decomposition for up-up 
permutations gives x 3 (UU (x) + l) 2 (UD (x) + x). Therefore, by using the three three contributions 
above, we get 

UU% (x) = xUD {x){UU {x) + 1) + x(UD (x) + x)UU^(x) + x 3 (UU (x) + l) 2 (UD (x) + x). 
Hence, by using (1) together with Theorem |2.2| we get the claimed in (2). 

Similarly to (1) and (2), we can verify cases (3) and (4). □ 



As a corollary to Theorem |4.2j together with Identity 1.4 we have 
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Corollary 4.3. The number of alternating permutations in A n containing 1-3-2 exactly once is given 
by 

n- 1 \ / n- 1 \ 
>-3)/2j + l v (n-4)/2j' 
where (^) is assumed to be whenever a < b, b < 0, or b is a non-integer number. 



Using Proposition 4.1 for alternating permutations, we now enumerate various sets of alternating (up- 
up, up-down, down-up, down-down) permutations in & n that contain 1-3-2 exactly once and avoid 
nonempty generalized pattern r. 

4.2. A classical pattern r = 1-2- • • -fc. 
Theorem 4.4. For all k > 3, 

I fc-3 



(1) UD\_ 2 _..._ k {x) = m E ^+i (£) ^ 

(2) f/C/ 1 1 . 2 ..... fc (x) = 1 (xU%_ 3 (i) + (i) C/ 3+1 (i 

XL7 fc-l 12k/ \ 3=0 

(3) XTie generating function DD\_ 2 k (x) is given by 

fc - 1 - < + ^-3- < (^) 

(£) ^ (£) £ " J V2x; — i ^™ 



j fe-2 



,2x/ i=0 



(4) TTie generating function T)U\_ 2 k (x) is given by 



x 



k-1 



Uk-z(£:) TTTTl , ^- 2 (^) nnl , , , ^- 3 (^)(^- 2 + {/ fc - 4 (^)) 



. , -uu{. 2 _..._ k {x) + Yfs DD k-i( x ) i . i , . , 

Proof. Using the same arguments as in the proof of Theorem |4.2| , we get the following. The first 
contribution of the block decomposition for up-down permutations gives 

a; 2 ^I)U...-fc(s)+^I>U...-(*-i)^)(« + ^i-a--»-fc(»)) s 
the second contribution of the block decomposition for up-down permutations gives 

xU £>i-2-...-(fe_i) (x)U D\_ 2 _..._ k (x), 

and the third contribution of the block decomposition for up-down permutations gives 

x 3 (l + l/E7i_ a _..._ (Jt _ 1) (a;))((a; + UD 1 . 2 ..... (k _ 1) (x))(x + U D l . 2 ..... k {x)) + l). 

Therefore, by using the three contributions above together with Theorem 2A and Recurrence LI , we 
have 

un i M _ Uk - 2 [M Uk ~ 3 iM 1 ^fc- 2 iM rm 1 M 

U1J l-2—-k\ x ) — Tp 7j~T Tf2 7j~T I -2 (fe-1) \ 

k — 1 V 23? / fc" 3 \ 2s / 

Hence, by induction on k together with UD\_ 2 (x) = (by the definitions) we get the desired result 
as claimed in (1). 

Similarly, let us verify (2). The first contribution of the block decomposition for up- up permutations 
gives 

>UUl 2 _..._ k (x) +xUD{_ > , k _ 1) (x)(l + UUx- 2 -...- k (x)), 



x^ 
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the second contribution of the block decomposition for up-up permutations gives 

xUD 1 . 2 ..... (k _ 1) (x)UUl 2 _..._ k (x), 
and the third contribution of the block decomposition for up-up permutations gives 
x 3 (x + UD 1 . 2 ..... (k _ 1) (x)){l + UU 1 . 2 ..... {k _ 1) {x)){\ + UU l . 2 ..... k {x)).. 



Therefore, by using the three contributions above together with case (1), Theorem 2.4 and Recur- 
we get the desired result as claimed in (2). 



rence 



1.1 



Similarly, we have 

DD\_ 2 _..._ k {x) = x(l + DD X -2 — {x))UD\_ 2 k [x) + x(x + UD 1 . 2 ..... k {x))DD\_ 2 __ [k _ 1) {x) 

+x 3 (x + UD 1 . 2 ..... (k _ 1) (x))(l + (x + UD 1 - 2 ....- (k _ 1) (x)){x + UD X - 2 -...- k {x))), 

DUl 2 _..._ k (x) = x(l + DD 1 . 2 ..... {k _ 1) {x))UUl 2 ..... k {x) + x(l + UU 1 . 2 ..... k {x))DD\_ 2 _,„_ {k _ 1) {x) 
+x 3 (x + DU l - 2 -...- {k ^ 1) {x)){x + UD 1 . 2 ..... {k _ 1) (x)){l + UU!. 2 ..... k (x)). 



Using Theorem 2.4, cases (1) and (2), and Recurrence 1.1, we get (3) 



□ 



As a corollary to Theorem 4.4 together with using Identity 1.4, we have 
Corollary 4.5. For all k > 3, the generating function A\_ 2 k (x) given by 

fe-4 



1 



(£) 



xU k - 



1 ^h) +Uk Ah 



(l + x)^C/ m+1 (i 



m=0 



■2.rJ Ul "\±r 



4.3. A generalized patterns r = 12-3- ■■■-k or r = 21-3- ■ • --k. Using the same arguments as in 
the proof of Theorem 4.4, we get 



Theorem 4.6. For all k>3, 



UD\ 
DUi 

Moreover, for all k > 3, 



12 . 3 ..... k (x) = UD{_ 2 _..._ k (x), UUl 2 _ z _..._ k {x) = UUl_ 2 _..._ k (x) 

DD\ 2 . 3 ..... k (x) = DDl 2 ..... k (x). 



DUl 2 . 3 ...._ k (x) = DUl_ 2 _..._ k (x) 



k( x ) — A\- 2 k {x). 



4.4. A classical pattern r = 2-1-3- • • • -k. Using the same arguments as in the proof of Theorem 4.4 , 
we get 

Theorem 4.7. For all k > 3, 

(1) UDl^.^x) = tt2 1 ( £ U j+1 (i) Uj (i) - x ) ; 



(2) UUl 1 . 3 ..... k (x) 



U k-i (li) V'=° 

.J2 1 1 Hi I (l-J Uk-2 (h) + E Ui (£) u s+1 

XU k-l \ 2x) \ 3=0 



fc-4 
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5. Containing 1-3-2 exactly once and another arbitrary pattern 



In this section we consider those alternating (up-up, up-down, down-up, down-down) permutations in 
& n that contain 1-3-2 exactly once and contain an arbitrary generalized pattern r. We begin by setting 
some notation. Let A\. r (x) be the generating function for the number of alternating permutations in 
A n that contain 1-3-2 exactly once and contain r exactly r times. Moreover, We denote the generating 
function for number of up-up (resp. up-down, down-up, down-down) permutations in & n that contain 
1-3-2 exactly once and contain r exactly r times by UDl. r (x) (resp. UU^. r (x), DU^. r (x), DD\. r {x)). 

One can try to obtain results similar to Theorems 2.4, 3.1, and 4.2, but expressions involved be- 
come extremely cumbersome. So we just present the case of the up-down permutations in 6 
contain 1-3-2 exactly once and contain 1-2 
Theorems 



-k exactly once. 
lL and |4.4|, we get the following result. 



that 

Using Proposition |LlJ together with 



Theorem 5.1. Let k > 2, the generating function UD\_ 2 k -i(x) is given by 



fc-3 



rj2 (±)-Yl 

u k-l \2x) j=Q 



(£) (3±i iM + xU > (£)) + 2x p=o u * (M E?±i 

U + l (to) U 3+2 (25) 



As a remark, the generating functions UXJ\_ 2 k -\{x\ ^^1-2 k-i( x )i ana - DD\_ 2 k-i( x ) nave more 

complicated expressions since the equations, which these generating function satisfied to, expressed 
in terms of UD\_ 2 d-i( x )- For example, UU\_ 2 k -\{x) satisfies 

UUl 2 _..._ ka (x) = xUD{_ 2 _..._ ik _ iyi (x)(l + UU 1 . 2 ..... k (x)) + xUD\_ 2 _..._ k (x)UU 1 - 2 -...- k . 1 {x)+ 
+xUD 1 . 2 ..... [k _ 1 y il (x)UUl 2 ..... k (x)+x(x + UD 1 . 2 ..... (k _ 1) (x))UU^ 

+x 3 UU 1 - 2 -...- (k _ 1 );i(x)(x + UD 1 - 2 -...- (k _ 1) (x))(l + UU 1 - 2 -...- k (x))+ 
+x 3 (l + UU 1 . 2 ..... (k _ 1) (x))UD 1 . 2 ..... (k _ 1) . 1 (x){l + UU 1 . 2 ..... k (x))+ 
+x 3 (l + UU 1 - 2 ..... {k _ 1) {x))(x + UD 1 . 2 ..... ik _ 1) (x))UU 1 . 2 ..... k;1 (x). 



6. Further results 



Here we present two directions to generalize and to extend the results of the previous subsections. 

6.1. Statistics on alternating permutation that avoid 1-3-2. The first direction is to find a 
statistics on alternating permutations in A n that avoid 1-3-2. 



6.1.1. A classical pattern 1-2- • • • -k. We define 



UD 1 (x 1 


x 2 , . 


■ ■) 


= E 

n>0 


E 11, 

tt£UD„ (1-3-2) 




x 2 , . 


•) 


= E 

n>0 


E ll,,.<-; 2 --- 

7reD(7„(l-3-2) 


UUtixt, 


x 2 , ■ 


■) 


= E 

n>0 


e u^4 2 '-' m - 

ttS UU n ( 1-3-2) 


DDi(xi 


,x 2 , . 


■ •) 


= E 

n>0 


e iL.-r 

irEDDn (1-3-2) 



where 1-2- . . . -j'(7r) is the number of occurrences of 1-2- ■ ■ ■ - j in it. 
Theorem 6.1. We have 
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(i) The generating function UDi{x\, x 2 , . . .) is given by 



3>l ~J of M 

ll/>i^ 



II, '• 



J>1~J 2f. 2 ,) 

(A) II, : - 



llj>i ^ 



(ii) XTie generating function UU\{x\, x 2 , ■ ■ ■ ) *s given by 

-1 



1 

1 



xf + x 1 UD 1 (x 1 x 2 , x 2 x 3 , ■ ■ ■) 

(iii) XTie generating function DD\(xi, x 2 , . . . ) is given by 

\ - TT iij>l A j 

■ ; i ii, ; ii, i n. Qi i . ; ,' : .n, 

(iv) The generating function DUi(xi, x 2l • • • ) is given by 

x 1 UU 1 (xi,x 2 , ■ ■ ■) + xiDD 1 (xiX2,x 2 x 3 , ■••)(! + UUi(x\,x 2 , ■•■))■ 



Proof. Proposition 2.1(1) yields 

UD 1 (x 1 ,x 2 , ■ ■ ■ ) = Xi(UDx(xxX2,x 2 x 3 , ■ ■ ■) + xi)(UD 1 (x 1 ,x 2 ,- ■ ■) + xi), 

equivalently, 

-x 2 

UD 1 {x 1 ,x 2l ■■■) = —j . 

Xi 



XI + UDi(xiX 2 , X 2 X3, ■ ■■) 

Hence, by induction, we get (i). 



Proposition 2.1(3) yields 

UUi(xi,X2, ■■■) = xi(xi + UDi(x\x 2 , •••))(! + UUi(x\,x 2 , •••)), 
which equivalently to (ii). 
Using Proposition ^^(4) , we get 

DD 1 (x%,x 2 , ■■■)= xi(xi + UD 1 (xi,x 2 , ■ ■ ■ ))(1 + DDi_{xxx 2 ,x 2 x z , •••)), 
hence, by induction, we have (iii). 



Finally, it is easy to check that Proposition 2.1(2) yields (iv) 
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We deno te the generating function C(x 2 ) — x — 1 ~ 2x ' 2 ^ 1 ~ 4:X ' 2 by C{x). As an application to Theo 

rem |6.l| (i), we get the following: 

(i) Let x\ = x and Xj = 1 for all j > 2. We have 

UD 1 (x,l,l,...) = Y / J2 * n = C(x), 

n>0 ttG(7-D„(1-3-2) 



as proved in Theorem 2.2. 

(ii) Let 7r be any permutation. We say that TTi is right to left maxima if 7i"i > ttj for all j > i. 
We denote the number of right to left maxima of it by rlmax^. In [BCS], there were proved that 
rlmax^ = J2 (-l) J+1 l-2- . . . Therefore 

j>0 

£ J2 x«y^ = U Dl (xy, y-\y, V ~\...)= -g^±g^L . 

n>0Tv£UD n (1-3-2) 1 X V XyC (X) 

In other words, the generating function for the number up-down permutations in UD n ( 1-3-2) having 
k right to left maxima is given by 

k-2 / fc-2+j - 



E( fc -2- t -)g J w 



j=0 v 2 



(iii) Let 7r be any permutations. The number of increasing subsequences in tt is given by inc, 
£j>0 1-2 J'W- Hence, 

£ £ /y -, =Ud 1 (xy,y,y,...)^ . 



i>0 7re(7_D„ (1-3-2) Xy 5—3- 

x y 



xy 



x y ^2„,8 



2 X y 
xy z 



(iv) The generating function for the number of up-down permutations that avoid 1-3-2 and contain 
a prescribed number of occurrences of the pattern 1-2- • • • -k is given by the continued fraction in the 
statement of Theorem 3.1 (i) together with x\ — x, Xk — y, and Xj = 1 for all j 7^ 1, k. 



As an application to Theorem 6.1(h), we have the following: 

(i) The generating function for the number of up-up permutations in 6„( 1-3-2) is given by 



e/ems, 1,1, ■■■) = : ^==r 

1 + VI - Ax 2 

(ii) The distribution for the number of right to left maxima of up-up permutations avoiding 1-3-2 is 
given by 

£ £ x klyrf» =[ /C/ 1 (xy,2;- 1 ,y,...) = 

n>0Tr£UU n (1-3-2) 

= ^ =EE (^ i )^C d - 2 '(x)y d . 

1_ d>0j=0 



x 2 y 2 + xyC(x) 

(iii) The generating function for the number of up-up permutations that avoid 1-3-2 and contain a 
prescribed number of occurrences of the pattern 1-2- • ■ • -k is given by the statement of Theorem |6.1| (ii) 
together with X\ — x, x^ — y, and Xj = 1 for all j ^ 1, k. 
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As an application to Theorem 6.1 (iii), we have the following: 



(i) The generating function for the number of down-down permutations in DD n (1-3-2) is given by 



1 + VI - Ax 2 

(ii) The distribution for the number of right to left maxima of n G DD n (l-3-2) is given by 

2x 2 y 2 



E„>o E xWy rlmax * =DD 1 (xy,y-\y,...) = 



ireDD n ( 1-3-2) Vl — 4x 2 (l — xyC(x) — x 2 y 2 ) 

= — L== E if ( d ~ 2 f j )C d -^(x)x d y d . 
VI - 4a; z d>2 3=o 

(iii) The generating function for the number of down-down permutations avoiding 1-3-2 and con- 
taining a prescribed number of occurrences of the pattern 1-2- ■ ■ ■ -k is given by the statement of 



Theorem S.l(iii) together with x\ = x, xt — y, and Xj = 1 for all j V 1; k. 



As an application to Theorem 6.1 (iv), we have the following 



(i) The generating function for the number of down-up permutations in DU n (l-3-2) is given by 

DU 1 (x,l t l,...)=x ^—^^ j -x. 

(ii) The distribution for the number of right to left maxima of ir S DU n (1-3-2) is given by 

£ £ x Wy rlma ** =DU t (xy,y-\y,. . .) = 

n>0 7reOT„(l-3-2) 



1 - Vl - 4a; 2 2 
xy H 

1 + Vl - 4a: 2 Vl - 4x 2 d >2 3=0 



^ + 2 E *V E ( d -]- i )c d - 1 -^( a; ). 



(iii) The generating function for the number of down-up permutations avoiding 1-3-2 and containing a 



prescribed number of occurrences of the pattern 1-2- • • • -k is given by the statement of Theorem 5.1 (iv) 
together with x\ = x, Xk = y, and Xj = 1 for all j ^ 1, k. 



6.1.2. A generalized pattern 12-3- • • • -k. First of all, let us define 



ud 2 (xx,x 2 ,...) = e e 4 w| n,-> 2 zr 3 """ i(7r) > 



n>0 7ref7D Tl (l-3-2) 



l/l/aCn,^,...) = E E 



12-3— -i(7r) 



n>0 n£UU n (1-3-2) 



3>2 -"j 



where 12-3- • • • -j (7r) is the number of occurrences of the generalized pattern 12-3- 
to Theorem 6.1 we get the following result. 



-j in 7r. Similarly 



Theorem 6.2. We ho 
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(i) The generating function XJDi(x\, x 2 , ■ ■ ■ ) is given by 



2 i r Si-V 
>2 X j 



x i rij^T x 



■'■11 ,•<•;'•' 



(A) 

>2 



•'Til, . 2 *j 

xi 



Xl 

(ii) The generating function UU 2 {x\,X2, ■ ■ ■ ) is given by 

-1 



1 

1 



xfx 2 + X\X 2 U D 2 {xi, X 2 X 3 , X3X4, 



As an application to Theorem [T^(i) , we get that the number of up-down permutations avoiding 1-3-2 
of length 2n + 1 with k rises is given by C„£w n _;n /2, where 8 a fi = 1 if a = b, otherwise 0. 
As an another application, we get that the generating function for the number of up-down permutations 
avoiding 1-3-2 and containing a prescribed number of occurrences of the pattern 12-3-4- • • • -k is given 



by the statement of Theorem 6.2 (i) together with x\ = x, Xk = y, and Xj = 1 for all j =/= l,k. For 
example, for k = 3 we get 



(6.1) 



x 2 y 



xy 



x 2 V 2 
x 



xy 2 — ' ■ 

As an application to Theorem ^T^(ii), we get that the generating function for the number of up- 
up permutations avoiding 1-3-2 and containing a prescribed number of occurrences of the pattern 
12-3-4- • • ■ -k is given by the statement of Theorem |6.2| (ii) together with x\ ~ x, Xk — y, and xj = 1 
for all j l,k. For example, for k = 3 we get 

(6.2) . 

1 



x 2 y 



xy 2 p 

x y 



x ■ 



xy 2 



As a corollary to Theorem |6.2j(i,ii), we have the following result. 
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Corollary 6.3. The generating function En>0 SweA„(i-3-2) x ^ T\j>2 x ] 2 3 is given by 

1 + XI + (1 + Xx)UU 2 (x\,X 2 ,X 3 , . . .). 



Proof. Using Theorem p.2| (i,ii) we get that U D2(x\, x 2 , x 3 , • • • ) = x\UU 2 {xi, x 2 , X3, • • • ). On the other 
hand, by Identity |l.4| we have 

^ ^ £1 x 3 12 " 3 "'"" : ' = 1 + a?i + UD 2 (xi,x 2 ,x 3 , ■ ■ •) + UU 2 {xi,x 2 ,x 3 , ■ ■ ■ ). 

ti>0tt6A„(1-3-2) j>2 

Hence, by combining the two equations above we get the desired result. □ 



6.1.3. A generalized pattern 21-3- • • • -k. First of all, let us define another two objects 

UD 3 ( Xl ,x 2 ,...)= E E ^'n^r 3 "'''"^' 

n>0 ttS £/£>„( 1-3-2) 

[/C/ 3 ( : r 1 ,ar 2) ...)= E E 4*' IW af-*""-'^ 

n>0 neUU n (1-3-2) 

where 21-3- • • • -j (7r) is the number of occurrences of the generalized pattern 21-3- . . . -j in ir. Similarly 
to Theorem 6.1 we get 



Theorem 6.4. We have 

(i) UD 3 (xi,x 2 , ■ ■ ■) = UD 2 {xi,x 2 ,...); 
(ii) UU 3 (xi,x 2l ■ ■ ■) = ±UU 2 (xi,x 2 ,...). 



Theorem 6.4 and Identity 1.4 together with the fact that U D2(xi, x 2 , x 3 , ■ ■ ■ ) = XiUU 2 (xi,x 2 , x 3 , ■ • • ) 



yield the following corollary. 

Corollary 6.5. The generating function En>0 (1-3-2) x ^ ^j>2 x 'j 1 3 * s 9^ ven by 

l + xi+ ( xx H ] UU 2 (x 1) x 2 ,x 3) ...). 

\ X *J 

6.2. Counting occurrences of 1-3-2 in an alternating permutation. The second direction is to 
find the generating function A T {x\r) for the number of alternating permutation in 6 n that contain 
t exactly r times. Moreover, to find the generating functions UU T (x;r), UD T (x;r), DU T (x;r) 1 and 
DD T (x;r) for the number of up- up, up-down, down-up, and down-down permutation in 6 n that 
contain r exactly r times, respectively. 



For t = 1-3-2, the block decomposition approach [MV5] in the alternating (up-up, up-down, down-up, 
down-down) permutations gives a complete answer for any given r (as described in Section 2 for r = 0, 
and Section 4 for r = 1), and we get the following result. 
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Theorem 6.6. We have 



tf£>i- 3 - 2 (a:;0) 



(1 -4ar)*: 



2x 2x ( 

1 , l-2x 2 n . 2\ 



(!) 



UD 1 . 3 . 2 {x; 1) = 27 + 1 =g-(l - 4x 



(2) 



(3) { 



UDm(x;2) 

{ [/A-3- 2 (x;3) 

UU^^x-Q) -- 
UUi-a*(x; 1) = 
C/C/i- 3 - 2 (x;2) = 
I UUi**(x;3)-- 

Ai- 3 - 2 (a;;0) = 
Ai^. 2 (a;;l) = 
Ai-3.a(a:;2) = 
Ai -3-2(2;; 3) = 



j_ 

2.r 



-2(l-z 2 

a? 



2-22a:^+80j''-98z o + 16a; g 



(i -4x 2 y 



i=*£- i (l-4a; 2 )5; 



a'- 

4-5a: 2 
2a; 2 



x 

4-29a 2 +54rr 4 -16a: 6 
2l? 



(l-4cc 2 )^; 



13-lla:^+2a;' 
2k 2 



13-152a^+612aj*-940a;°+384:c° ^ _ ^2^^ 



2x 2 



-^±f(l-4:r 2 )< 



2a: 2 



2z^-a-2 _,_ 2+Z-62; -23.-' 
2a; 2 

4+a:-5a; 2 
27 s 



(l-4a; 2 ) — ; 



_ 4+a;-29a; 2 -6a; 3 +54z 4 +6a; 5 -16a; 6 ^ _ ^x 2 )^ ■ 



13-4a;-lla^+43:- , +2a;* , 
2a; 2 + 

^13-Ma?-152a; 2 -44a: 3 +612a; 4 + 160a; 5 -940a; 6 -196a; 7 +384a; fi +32a; 9 ^ _ 43,2^- 



Finally, we conclude with some open problems suggested by the results in the previous sections. For 
example: (1) We found that the number of alternating permutations in A n (1-3-2, 1-2 - ■ • --k) is equal 
to the number of alternating permutations in A n (l-3-2, 2-1-3- • • • -k) (see Corollary 2.9). The question, 
if there is a bijective combinatorial proof for this property. (2) If there exists an explicit formula for 
A\-3-2(x\r) for any given r > 0. (3) If there exist bijective combinatorial proofs for the formulas in 



the statement of Theorem 3.6 
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